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Abstract. We shall construct a natural Higgs bundle structure on the complexified
Ka¨hler cone of a compact Ka¨hler manifold, which can be seen as an analogy of the clas-
sical Higgs bundle structure associated to a variation of Hodge structure. In the proof
of the flat-ness of our Higgs bundle, we find a commutator identity that can be used to
decode the variational properties of the polarized Hodge-Lefschetz module structure on
the fibres of our Higgs bundle. Thus we can use a generalized version of Lu’s Hodge metric
to study the curvature property of the complexified Ka¨hler cone. In particular, it implies
that the above Hodge metric defines a Ka¨hler metric on the complexified Ka¨hler cone with
negative holomorphic sectional curvature, which can be seen as a new result on Wilson’s
conjecture.
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1. Introduction
1.1. Motivation. Our motivation is to study the geometric properties of a natural Higgs
bundle on a complexified Ka¨hler cone. LetX be an n-dimensional compact Ka¨hler manifold.
Date: October 8, 2018.
Research supported by Knut and Alice Wallenberg Foundation, and the China Postdoctoral Science
Foundation.
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The Ka¨hler cone, say K, of X is the space of Ka¨hler classes in
H1,1(X,R) := H2(X,R) ∩H1,1(X,C).
Thus K is an open convex cone in H1,1(X,R). K has a natural complexification
(1.1) KC := K +
√−1H1,1(X,R).
Let us consider the trivial bundle, say H, over KC with fibre
⊕np,q=0Hp,q(X,C).
Thus H is a direct sum of the following trivial vector bundles
(1.2) Hp,q := KC ×Hp,q(X,C),
over our complexified Ka¨hler cone. There is a natural non-trivial Hermitian metric, say h,
on H defined by using the Lefschetz decomposition as follows:
Hermitian metric on H: Let ω +
√−1α be a point in KC, i.e. ω has a Ka¨hler form,
say ω, as a representative. Then we shall define the Hermitian metric, say h on H, at the
point ω +
√−1α, as the Hermitian metric on ⊕Hp,q(X,C) defined by ω. In order to see
that h is well defined, i.e. h does not depend on the choice of representatives ω, we have
to use another definition of h. By the Lefschetz decomposition, every u ∈ Hp,q(X,C) has
a unique decomposition as follows
(1.3) u =
∑
ωru
r, ωr :=
ωr
r!
,
where each ur is a primitive class and ωru
r is the class with representative ωr ∧ ur, where
u
r is an arbitrary d-closed representative of ur. Then we can define the Hodge star operator
on H:
(1.4) ∗ u := ik2
∑
(−1)p−rωn−k+rur, k := p+ q, i :=
√−1.
Thus we have
(1.5) h(u, u) = u∗u(X) := ik2
∫
X
∑
(−1)q−rωr ∧ ωn−k+r ∧ ur ∧ ur.
By the classical Hodge-Riemann bilinear relations, we know that h is a well-defined Her-
mitian metric on H. A natural question is
Is there a flat Higgs bundle structure on (H,h) as an analogy of the natural Higgs bundle
structure associated to a variation of Hodge structure ?
The reason why we ask such a question is if there exists such a flat Higgs bundle on
(H,h) then our main result in [33] can be used to study the following conjecture of Wilson
in [37] (see also [31] and [24]), i.e.
Whether the sectional curvature of the level set of the real Ka¨hler cone (with the Weil-
Petersson type metric) is between −n(n−1)2 and zero, at least for Calabi-Yau manifolds?
In section 3 of [31], Trenner and Wilson gave a counterexample to the above conjec-
ture, which suggests to find other natural metrics on the Ka¨hler cone instead of the Weil-
Petersson type metric to study the geometry of the Ka¨hler cone. In variation of Hodge
structure case, we know that Lu’s metric (see [21] and [22]) has negative sectional curva-
ture. In [33], we found that one may also define Lu’s Hodge metric for a general Higgs
bundle, and if the Higgs bundle is flat then the associated Hodge metric will have semi-
negative holomorphic bisectional curvature.
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In this paper, we shall study the above conjecture by constructing a natural flat Higgs
bundle structure on (H,h) (see [8] and [14] for early related results). Then [33] implies
that there is a Ka¨hler metric on the complexified Ka¨hler cone with negative holomorphic
sectional curvature. Another (maybe more interesting) result in this paper is:
In the proof of the flat-ness of our Higgs bundle, we find a fundamental commutator
identity for the variational properties of the polarized Hodge-Lefschetz module structure on
the fibres of our Higgs bundle. This commutator identity is widely true for general polarized
Hodge-Lefschetz module (see section 1.4 for its relation with the usual Ka¨hler identity).
1.2. Higgs field structure on the Ka¨hler cone. Notice that the holomorphic tangent
bundle of KC is a trivial bundle with fibre H1,1(X,C). Then
(1.6) α : u 7→ αu, α ∈ H1,1(X,C), u ∈ Hp,q(X,C),
defines a natural action of H1,1(X,C) on the fibres of H. Thus we have a constant (thus
holomorphic) bundle map, say
(1.7) θ : TKC → End(H),
such that
(1.8) θ(α)(u) := αu.
Let us look at θ as an End(H)-valued holomorphic one form on KC and still denote it by θ.
Since αβu = βαu, then we know that θ2 = 0. By Hitchin-Simpson’s definition (see [15] and
[28]), we know that θ is a Higgs field and (H, θ) is a Higgs bundle (in the classical variation
of Hodge structure setting, the Higgs field is defined by the Kodaira-Spencer action, see
the appendix in [33]). Our first main result is a proof of the flat-ness of (H,h).
Theorem 1.1. Let Dh = ∂ + ∂h be the Chern connection on (H,h). Then the Higgs
connection DH := Dh + θ + θ∗ is flat, i.e. ΘH := (DH)2 = 0. In particular, it implies that
the curvature, Θh := (Dh)2, of the Chern connection on H satisfies Θh + θθ∗ + θ∗θ = 0.
1.3. An application on Wilson’s conjecture. By our main result in [33], we know that
the above theorem implies the following theorem, which can be seen as a new result on
Wilson’s conjecture, see the abstract of [37] and Discussion 4.4 in [37]):
Theorem 1.2. Lu’s Hodge metric (pull back to TKC of the metric on End(H) by θ) defines
a Ka¨hler metric on KC with semi-negative holomorphic bisectional curvature. Moreover,
its holomorphic sectional curvature is bounded above by −(n2Rank(H))−1.
Remark 1: There is also a Weil-Petersson type metric (see [16] and [37]) on KC defined
by the Hermitian metric on H1,1(X,C). But it is known that in general the Weil-Petersson
metric on the moduli space of a Calabi-Yau manifold does not have negative curvature
property (see [4] for a counterexample, see also [31] for a counterexample for the Ka¨hler
cone). Our Hodge metric in Theorem 1.2 is a generalization of Lu’s Hodge metric in [21]
and [22]. For early results about the curvature property of Lu’s Hodge metric, see [12], [7]
and [11]; see also [23], [10], [27] and references therein for recent developments.
Remark 2: One may also get a better estimate of the holomorphic sectional curvature
by considering the flat Higgs subbundles
(1.9) Hk := ⊕p−q=kHp,q, −n ≤ k ≤ n,
of H. In particular, since H0 is admissible (see [33]), we know that the holomorphic
sectional curvature of the Hodge metric associated to H0 is bounded above by −4
n2Rank(H0)
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(the reason why we have a number 4 here is: dimCH
p,p(X,C) = dimCH
n−p,n−p(X,C),
thus we can have a better estimate in the proof of our main result in [33]).
1.4. A commutator identity behind the proof. Since the metric h on our Higgs bundle
H is fully determined by the polarized Hodge-Lefschetz structure on (⊕Hp,q(X,C), ω, h).
We know that the curvature property of the Chern connection on H will be a variational
property of the polarized Hodge-Lefschetz structure on the fibres ofH. In our computations,
we find that, one may use a commutator identity like, [∗, ∂/∂tj ], to decode the curvature
properties of our Higgs bundle.
Motivation: Let us fix a base, say {ej}1≤j≤N of H1,1(X,R). Then our complexified
Ka¨hler cone, KC, can be seen as a convex tube domain, say KC = K + iRN , in CN . Let
zj := tj + isj , 1 ≤ j ≤ N,
be the classical coordinate system on CN . Then we know that z = t+ is ∈ KC if and only
if
(1.10) ω(t) :=
∑
tjej ,
has a Ka¨hler form as a representative. Now our Hermitian metric on H is fully determined
by the polarized Hodge-Lefschetz structure associated to the Lefschetz action of
(1.11) ω : z = t+ is 7→ ω(t),
on H. Let us write the Chern connection on (H,h) as
(1.12) Dh = ∂ + ∂h =
∑
dz¯j ∧ ∂
∂z¯j
+
∑
dzj ∧ ∂hzj .
Then each ∂h
zj
is determined by
(1.13)
∂
∂zj
(u, v) = (∂hzju, v) + (u, ∂v/∂z¯
j).
If we look at ∂hzj and ∂/∂z¯
j as differential operators on the space of smooth sections of H
then (1.13) implies that −∂hzj is just the adjoint of ∂/∂z¯j with respect to h and the classical
Euclidean metric on KC, i.e.
(1.14) (∂/∂z¯j)∗ = −∂hzj .
Recall the curvature of the Chern connection on H is
(1.15) Θh := (Dh)2 =
∑
[∂hzj ,
∂
∂z¯k
]dtj ∧ dt¯k.
Thus (1.14) implies that it is necessary to find a good formula of (∂/∂z¯j)∗ to decode Θh.
Let us write our Higgs field θ as θ :=
∑
dzj ∧ θzj . Then we have
(1.16) θzj = [∂/∂z
j , ω] = ∂ω/∂zj =
1
2
ej ,
where the last equality follows from (1.10). Let Λ be the adjoint of ω : u 7→ ωu and
τ := ∗∗. Our fundamental identity reads as follows (here each ∂/∂zj is a differential
operator, (∂/∂z¯j)∗ denotes the adjoint operator, nothing to do with the star operator):
Theorem 1.3. −(∂/∂z¯j)∗ = ∂hzj = τ ∗ (∂/∂zj)∗ = [Λ, θzj ] + ∂/∂zj .
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Remark: Since τ2 = 1, we know that the above identity is equivalent to
(1.17) [∂/∂zj , ∗] = ∗[Λ, θzj ].
We can also define ∗, ω, Λ and Y := [ω,Λ] for a general polarized Hodge-Lefschetz module
(see Definition 2.3 in [5], see also [20]). Since {ω,Λ, Y } is an sl2-triple, the commutators
between them are clear. In general, assume we have a smooth family of polarized Hodge-
Lefschetz module structures whoes associated sl2-triples are {ω(t),Λ(t), Y (t)}t∈R (with ∗(t)
as the corresponding star operators), put
(1.18) {ω,Λ, Y, ∗} : t 7→ {ω(t),Λ(t), Y (t), ∗(t)}
Definition 1.1. We call the commutators between ∂/∂t and {ω,Λ, Y, ∗} the fundamental
commutators.
Remark: Since
(1.19) [∂/∂t, Y ] = 0, [∂/∂t, ω] = ∂ω/∂t.
we only have two non-trivial fundamental commutators. In the third section, we shall prove
that (1.17) can also be used to prove the following identity:
Proposition 1.4. θ∗
zk
= [Λ, ∂
∂z¯k
] = −12 [Λ, [Λ, θzk ]].
Thus the identity in Theorem 1.3 is essentially the only fundamental commutator. Let
us compare it with the classical Ka¨hler identity (see [6] and [36] for the proof, see also [35])
(1.20) ∂
∗
= i[∂,Λ],
on a Ka¨hler manifold. The following trivial identity
(1.21) ∂ =
∑
dz¯j ∧ ∂
∂z¯j
.
builds the bridge between (1.20) and our Ka¨hler identity. Because then, we can write
(1.22) ∂
∗
=
∑
(
∂
∂z¯j
)∗(dz¯j∧)∗.
Thus the adjoint of ∂ is essentially a composition of two operators: ( ∂
∂z¯j
)∗ and (dz¯j∧)∗. It
is well known that (see formula 1 in [26] and its applications)
(1.23) (dz¯j∧)∗ = i[Λ, (dzj∧)].
Thus one may say that our identity in Theorem 1.3 is more primitive than the usual Ka¨hler
identity. A first application of Theorem 1.3 is a quick proof of Theorem 1.1.
1.5. Proof of Theorem 1.1. By Theorem 1.3 and Proposition 1.4, we have
(1.24) [∂hzj ,
∂
∂z¯k
] = [[Λ, θzj ],
∂
∂z¯k
] = [[Λ,
∂
∂z¯k
], θzj ] = [θ
∗
zk , θzj ],
which is equivalent to Θh+θθ∗+θ∗θ = 0. By a similar argument, we also have ∂hθ+θ∂h = 0
and ∂θ∗ + θ∗∂ = 0. Thus we know that (Dh)2 = (∂ + ∂h + θ + θ∗)2 = 0. The proof of
Theorem 1.1 is complete.
Remark: Just like the variation of Hodge structure case, the following corollary a direct
consequence of Theorem 1.1.
Corollary 1.5. The curvature Θh of the connection on H0,0 is −θ∗θ. In particular, it
implies that H0,0 is a positive line bundle.
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In section 2.1, we shall show that the curvature of H0,0 can be seen as an effective version
of the Brunn-Minkowski type inequalities on a compact Ka¨hler manifold. There is also
another deep and beautiful complex version of the Brunn-Minkowski theory of Berndtsson,
see [1] and [2]. We shall study their relations in [34], in particular, we shall show how to
use Theorem 1.3 to explain our main results in [32] and [3].
1.6. Generalizations and other related results. The proof of Theorem 1.3 will be
given in the third section. In a future publication [34], we shall study generalizations of
Theorem 1.3 for a general smooth family of polarized Hodge-Lefschetz module structures.
There is also a mixed version of the Hodge-Riemann bilinear relation. Its origin lies in the
convex case, i.e. the so called Alexandrov-Fenchel inequality (see the next section for the
background). There is also an Alexandrov-Fenchel inequality for the mixed discriminant,
first proved by Alexandrov, and then it was generalized by Timorin in [29] to a mixed
Hodge-Riemann bilinear relation associated to the exterior algebra of a fixed point in a
Hermitian manifold. Later, Dinh and Nguyeˆn [9] proved that Timorin’s result is also true
globally, more precisely, they gave a mixed Hodge-Riemann bilinear relation for every com-
pact Ka¨hler manifold. Dinh-Nguyeˆn’s result was further generalized to general polarized
Hodge-Lefschetz modules by Cattani in [5]. The relation between the convex case and the
compact Ka¨hler case was first studied by Khovanskii [19] and Gromov [13], see [25], [17]
and [18] and references therein for other interesting developments.
1.7. Acknowledgements. I would like to thank Professor Bo Berndtsson for many in-
spiring discussions on the Alexandrov-Fenchel inequality, which is the starting point of this
paper. I would also like to thank Professor Takeo Ohsawa, who kindly gave me a back-
ground of our identity in Theorem 1.3: in 1990 (ICM Kyoto), Professor Jean-Michel Kantor
has already talked with him about our identity. I would also like to thank Professor Mihai
Pa˘un for sending me the reference [24]. Thanks are also given to Professor Bo-Yong Chen
and Professor Qing-Chun Ji for their constant support and encouragement.
2. Background and examples
2.1. Brunn-Minkowski inequality and curvature of H0,0. We believe that this sub-
section is essentially well known, but we shall still write it down as the background and
starting point of this paper. We shall follow Berndtsson’s notes on convex and complex
geometry (available in his homepage) in this section. Let us first recall the classical Brunn-
Minkowski inequality.
Classical Brunn-Minkowski theory: Let A0, A1 be two convex bodies in R
n, i.e.
compact convex sets with non-empty interior. Their Minkowski sum is defined as follows
A0 +A1 := {a0 + a1 : a0 ∈ A0, a1 ∈ A1}.
The Brunn-Minkowski theorem reads as follows:
Theorem 2.1 (Brunn-Minkowski inequality). |A0 +A1|1/n ≥ |A0|1/n + |A1|1/n, where the
absolute value of a convex body means its volume (Lebesgue measure).
Put At := tA1 + (1− t)A0, then the above theorem is equivalent to that
(2.1) t 7→ −|At|1/n,
is convex on (0, 1). Since |cAt| = cn|At|, we also know that the Brunn-Minkowski theorem
is equivalent to that
(2.2) t 7→ − log |At|,
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is convex. On the other hand, if A is a convex body in Rn and φ is a strictly convex function
of class C2 on Rn such that the image of
(2.3) ∂φ : x 7→ y = ∂φ(x) := (∂φ/∂x1, · · · , ∂φ/∂xn),
is just the interior of A (for this, it suffices to take φ as the Legendre transform of a smooth
strictly convex function in A that tends to infinity at the boundary of A), then we have
(2.4) |A| =
∫
A
dy =
∫
Rn
MA(φ)dx, dx := dx1 ∧ · · · ∧ dxn, dy := dy1 ∧ · · · ∧ dyn.
where MA(φ) denotes the determinant of the Hessian of φ. In general, we have
(2.5) p(t) := |t1A1 + · · ·+ tnAn| =
∫
Rn
MA(t1φ1 + · · · + tnφn)dx.
We call the coefficent of t1 · · · tn in the polynomial p(t) the mixed volume, say V (A1, · · · , An),
of A1, · · · , An. Then we have the following Alexandrov-Fenchel theorem as a generalization
of the Brunn-Minkowski theorem:
Theorem 2.2 (Alexandrov-Fenchel inequality).
V (A1, · · · , An)2 ≥ V (A1, A1, A3, · · · , An)V (A2, A2, A3, · · · , An).
Put At := tA1 + (1− t)A2, then the above inequality is equivalent to the convexity of
(2.6) t 7→ −V (At, At, A3, · · · , An)1/2,
which is also equivalent to the convexity of
(2.7) t 7→ − log V (At, At, A3, · · · , An).
There is also an analogy of the above theory for compact Ka¨hler manifold (first studied by
Khovanskii and Teissier).
Brunn-Minkowski theory for compact Ka¨hler manifold: Let X be a compact
Ka¨hler manifold. Let ω1, · · · , ωn be Ka¨her classes on X. Put
(2.8) V (ω1, · · · , ωn) :=
∫
X
ω1 ∧ · · · ∧ωn.
Then we have the following Brunn-Minkowski theorem for compact Ka¨hler manifold (com-
pare with Minkowski’s second inequality in the convex case):
Theorem 2.3.
V (ω1, ω2, · · · , ω2)2 ≥ V (ω1, ω1, ω2, · · · , ω2)V (ω2, · · · , ω2).
Put ω(t) := (1 − t)ω1 + tω2. Then we know that the above inequality is equivalent to
the convexity of
(2.9) t 7→ − log V (ω(t), · · · , ω(t)).
In general we have the following Khovanskii-Teissier theorem:
Theorem 2.4 (Khovanskii-Teissier inequality).
V (ω1, · · · , ωn)2 ≥ V (ω1, ω1, ω3, · · · , ωn)V (ω2, ω2, ω3, · · · , ωn).
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By the same reason, we know that the Khovanskii-Teissier inequality is equivalent to the
convexity of
(2.10) t 7→ − log V (ω(t), ω(t), ω3, · · · .ωn).
In the next section, we shall show how to look at the above convexity properties as positivity
properties of the curvature of H0,0. In this way, we can move one step further, i.e. we can
prove that the second order derivatives of the above functions like − log V (ω(t), · · · , ω(t))
are fully determined by the norm of our Higgs field.
Curvature of H0,0: Recall that our bundle H0,0 is a trivial line bundle over the com-
plexified Ka¨hler cone KC. Let us fix a base, say {ej}1≤j≤N of H1,1(X,R). Then KC, can
be seen as a convex tube domain (Siegel domain of the first kind), say KC, in C
N . And we
know that z = t+ is ∈ KC if and only if
(2.11) ω(t) :=
∑
tjej ,
has a Ka¨hler form as a representative. We know that each ω(t) defines a Hermitian metric
on Hp,q(X,C). In particular,
(2.12) ω : z = t+ is 7→ ω(t), z ∈ KC,
defines a Hermitian metric, say h, on H0,0. Let us write the Chern connection on (H,h) as
(2.13) Dh = ∂ + ∂h =
∑
dz¯j ∧ ∂
∂z¯j
, ∂h =
∑
dzj ∧ ∂hzj .
Thus
(2.14) Θh := (Dh)2 =
∑
[∂hzj ,
∂
∂z¯k
]dzj ∧ dz¯k.
Moreover, since ω does not depend on s, we have
(2.15)
∂
∂z¯j
=
1
2
(
∂
∂tj
+ i
∂
∂sj
), ∂hzj =
1
2
(∂htj − i
∂
∂sj
),
where each ∂htj is determined by
(2.16)
∂
∂tj
(u, v) = (∂htju, v) + (u, ∂v/∂t
j).
Thus we have
(2.17) ∂htj = ∗
∂
∂tj
∗,
and
(2.18) Θh :=
1
4
∑
Θhjkdz
j ∧ dz¯k, Θhjk := [∂htj ,
∂
∂tk
].
Let us denote by 1 the canonical frame of H0,0. We shall compute
(2.19)
∑
(Θhjk1, 1)ζ
jζk, ζ ∈ RN .
Notice that
(2.20) Θζζ :=
∑
Θhjkζ
jζk = [∂hζ , ∂ζ ], ∂ζ :=
∑
ζj
∂
∂tj
, ∂hζ = ∗∂ζ ∗ .
Put
(2.21) θζ := [∂ζ , ω] =
∑
ζjej .
We shall prove the following theorem:
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Theorem 2.5. Θζζ = θ
∗
ζθζ .
Proof. Since the canonical frame 1 of H0,0 is holomorphic, we have
(2.22) (Θζζ1, 1) = ||∂hζ 1||2 − (1, 1)ζζ .
Since ∂hζ=∗∂ζ∗, we have
(2.23) ||∂hζ 1||2 = || ∗ (θζωn−1)||2.
Let
(2.24) θζ = ωaζ + bζ ,
be the primitive decomposition of θζ . Then we have
(2.25) ||∂hζ 1||2 = n2a2ζ |X|, |X| :=
∫
X
ωn.
On the other hand, we have
(2.26) (1, 1)ζζ = |X|ζζ =
∫
X
θ2ζωn−2 =
∫
X
(ωaζ + bζ)
2ωn−2 = n(n− 1)a2ζ |X| − ||bζ ||2.
Thus
(2.27) (Θζζ1, 1) = na
2
ζ |X| + ||bζ ||2 = ||ωaζ ||2 + ||bζ ||2 = ||θζ ||2.
The proof is complete. 
Remark: The above theorem implies that H0,0 is a positive line bundle and
(2.28) (− log |X|)ζζ = (− log ||1||2)ζζ = θ∗ζθζ = ||θζ ||2/|X|,
which can be seen as an effective version of the Brunn-Minkowski inequality on compact
Ka¨hler manifold. Since Hn,n is the dual bundle of H0,0, thus at least in one dimensional
case, we can guess and check that our total bundle H is a flat Higgs bundle.
2.2. Elementary proof for the two dimensional case. In this section, we shall com-
pute the curvature of H1,1 in case n = 2. Notice that the fibre of H1,1 is spanned by {ej},
thus by (2.21), we know that it is enough to compute (Θζζθη, θη), where we identify θη with
θη1. Our aim is to prove the following theorem:
Theorem 2.6. (Θζζθη, θη) = R := ||θζθη||2 − ||θ∗ζθη||2.
Still let
(2.29) θζ = ωaζ + bζ ,
be the primitive decomposition of θζ . Let us define bζη such that
(2.30) bζbη = bζηω
2.
Thus we have
(2.31) ||θζθη||2 = 4(bζη + aηaζ)2|X|, ||θ∗ζθη||2 = 4(bζη − aηaζ)2|X|,
which implies that
(2.32) R = 16aηaζbζη|X|.
Since each θη is a constant section, we have
(2.33) (Θζζθη, θη) = ||∂hζ θη||2 − (||θη ||2)ζζ .
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Thus it is enough to prove that
(2.34) ||∂hζ θη||2 − (||θη||2)ζζ = 16aηaζbζη|X|.
The following inequalities will be crucial in our computations:
Proposition 2.7. Let us write aη,ζ = ∂ζaη and bζη,λ = ∂λbζη. Then we have
(2.35) bζη,λ = −aζbηλ − aηbζλ − 2aλbζη, aη,ζ = bζη − aηaζ .
We leave it as an exercise for the reader to use the above proposition to prove the
following two lemmas:
Lemma 2.8. ||∂hζ θη||2 = 8(b2ζη − a2ηbζζ)|X|.
Lemma 2.9. (||θη ||2)ζζ = 8(b2ζη − a2ηbζζ − 2aηaζbζη)|X|.
Now it is clear that Theorem 2.6 follows froms the above two lemmas. Thus it suffices
to prove Proposition 2.7.
Proof of Proposition 2.7. Notice that bζbη = bζηω
2 implies that
(2.36) bζ,λbη + bζbη,λ = bζη,λω
2 + 2bζηθλω = bζη,λω
2 + 2bζηaλω
2.
On the other hand, θζ,λ ≡ 0 implies that
(2.37) bζ,λ = −(aζ,λω + aζθλ).
Thus
(2.38) bζ,λbη = −aζθλbη = −aζbληω2,
thus our first identity follows. Now let us prove the second one. Notice that (θ2η)ζ ≡ 0
implies that
(2.39) ((a2η + bηη)ω
2)ζ ≡ 0.
Thus we have
(2.40) (a2η + bηη)ζ + 2(a
2
η + bηη)aζ ≡ 0.
By our first identity, we know that
(2.41) bηη,ζ = −2aηbζη − 2bηηaζ .
The above two identities implies that
(2.42) 2aη(aη,ζ − bζη − aηaζ) ≡ 0.
Thus our second identity follows. 
Remark: As we can see, even in the two dimensional case, the proof of Theorem 2.6 is
not easy (in fact, we spent quite a lot of time to find the identities in Proposition 2.7). We
have also tried to find a higher dimensional version of Proposition 2.7, but we failed. That
is the main reason why we want to find an abstract proof of Theorem 1.1. But Proposition
2.7 plays a crucial role in our finding of the identity in Theorem 1.3.
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3. Proof of Theorem 1.3 and Proposition 1.4
We shall use the following two basic facts (see [6], [36] and [35]) in our proof:
Fact 1: If u is a primitive k-class then
(3.1) Λ(ωru) = (n− k − r + 1)ωr−1u, r ≤ n− k + 1.
Fact 2: If u is a primitive (p, q)-class then
(3.2) ∗ (ωru) := ik2(−1)pωn−r−ku, k := p+ q.
Proof of Theorem 1.3. Recall that (u, v) = u∗v(X), thus (1.13) implies that
∂hzj = τ ∗ (∂/∂zj) ∗ .
Thus it suffices to prove the last equality. By the Lefschetz decompostion, every smooth
section of H can be wriiten as
(3.3)
∑
ωru
r,
where each ur is primitive. Thus it is enough to prove Theorem 1.3 for forms like ωru,
where u is a primitive (p, q)-class. By Fact 2, we have
(3.4) ∗ (ωru) := ik2(−1)pωn−r−ku, k := p+ q.
Thus, applying the differential operator ∂/∂zj , we get
(3.5) (∂/∂zj) ∗ (ωru) = ik2(−1)p(ωn−r−kuj + ωn−r−k−1θzju),
where
(3.6) uj := ∂u/∂z
j .
Since u is primitive, we know that ωn−k+1u ≡ 0, thus
ωn−k+1θzju ≡ 0,
which implies that the primitive decomposition of θzju contains at most three terms. Thus
we can write
(3.7) θzju = a+ ωb+ ω
2c,
where a, b, c are primitive. Thus we have
τ ∗ (∂/∂zj) ∗ (ωru) = (−1)k ∗ (∂/∂zj) ∗ (ωru)
= ik
2
(−1)p+k ∗ ωn−r−kuj − ωr−1a+ (n− r − k)ωrb
−(n− r − k)(n− r − k + 1))ωr+1c.
On the other hand, we have
(3.8) θzjωru = ωr(a+ ωb+ ω
2c).
Thus by Fact 1, we have
Λθzjωru = (n− r − k − 1)ωr−1a+ (r + 1)(n − r − k)ωrb
+(r + 1)(r + 2)(n − r − k)(n − r − k + 1)ωr+1c.
and
θzjΛωru = (n− r − k + 1)θzjωr−1u
= (n− r − k + 1)ωr−1(a+ ωb+ ω2c).
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Thus
(3.9) [Λ, θzj ]ωru = −2ωr−1a+ (n− 2r − k)ωrb+ (2r + 2)(n + 1− r − k)ωr+1c.
Now we have
A := τ ∗ (∂/∂zj) ∗ (ωru)− [Λ, θzj ]ωru
= ik
2
(−1)p+k ∗ ωn−r−kuj + ωr−1a+ rωrb
−(n+ r − k + 2)(n − r − k + 1)ωr+1c.
On the other hand, we have
B := (∂/∂zj)(ωru)
= ωr−1(a+ ωb+ ω
2c) + ωruj
= ωr−1a+ rωrb+ r(r + 1)ωr+1c+ ωruj.
Thus we have
A−B = ik2(−1)p+k ∗ ωn−r−kuj − ωruj
−[(n+ r − k + 2)(n − r − k + 1) + r(r + 1)]ωr+1c.
But since u is primitive, we have
(3.10) ωn−k+1u ≡ 0,
which implies that
(3.11) θzjωn−ku+ ωn−k+1uj ≡ 0.
Notice that
(3.12) θzjωn−ku = ωn−k(a+ ωb+ ω
2c) = ωn−kω
2c.
Thus we have
(3.13) ωn−k+1(uj + (n− k + 1)ωc) ≡ 0,
which implies the primitivity of
(3.14) v := uj + (n− k + 1)ωc.
Now we have
ik
2
(−1)p+k ∗ ωn−r−kuj = ik2(−1)p+k ∗ ωn−r−k(v − (n − k + 1)ωc)
= ωrv + (n− k + 1)(n − r − k + 1)ωr+1c.
and
(3.15) ωruj = ωr(v − (n − k + 1)ωc) = ωrv − (n− k + 1)(r + 1)ωr+1c.
The above two identities imply that ik
2
(−1)p+k ∗ ωn−r−kuj − ωruj can be written as
(3.16) [(n− k + 1)(n − r − k + 1) + (n− k + 1)(r + 1)]ωr+1c,
which implies A = B together with our formula for A−B. The proof is complete. 
Now let us prove Proposition 1.4. We claim that it is enough to prove
(3.17) θ∗zk = −
1
2
[Λ, [Λ, θzk ]].
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In fact, θzk = [∂/∂z
k , ω] implies that [Λ, (∂/∂zk)∗] = θ∗
zk
. Now our fundamental identity
implies that
(3.18) − (∂/∂zk)∗ = [Λ, θzk ] + ∂/∂z¯k.
Hence
(3.19) θ∗zk = −[Λ, [Λ, θzk ]]− [Λ, ∂/∂z¯k].
Thus (3.17) implies that
(3.20) θ∗zk = [Λ, ∂/∂z¯
k ],
and our claim is true.
Proof of Proposition 1.4. Now let us prove (3.17), which is easy since there are no deriva-
tives involved. Since θ∗
zk
= τ ∗ θzk∗, it suffices to show
(3.21) τ ∗ θzk∗ = −
1
2
[Λ, [Λ, θzk ]].
If u is a primitive (p, q)-class then by Fact 2, we have
(3.22) θzk ∗ (ωru) := ik
2
(−1)pωn−r−kθzku, k := p+ q.
As before, we can write
(3.23) θzku = a+ ωb+ ω
2c,
where a, b, c are primitive. Put
(3.24) M := n− r − k.
Then
(3.25) τ ∗ θzk∗ = −ωr−2a+ (M + 1)ωr−1b− (M + 1)(M + 2)c.
On the other hand, notice that
(3.26) − 1
2
[Λ, [Λ, θzk ]] = ΛθzkΛ−
1
2
(Λ2θzk + θzkΛ
2).
Now
(3.27) Λ2θzkωru = Λ
2ωr(a+ ωb+ ω
2c).
By Fact 1, we have
Λωr(a+ ωb+ ω
2c) = (M − 1)ωr−1a+ (r + 1)Mωrb+ (r + 1)(r + 2)(M + 1)ωr+1c,
thus
Λ2θzkωru = (M − 1)Mωr−2a+ (r + 1)M(M + 1)ωr−1b
+(r + 1)(r + 2)(M + 1)(M + 2)ωrc.
And we also have
(3.28) θzkΛ
2ωru = (M + 1)(M + 2)(ωr−2a+ (r − 1)ωr−1b+ r(r − 1)ωrc),
and
(3.29) ΛθzkΛωru = (M + 1)(Mωr−2a+ r(M + 1)ωr−1b+ r(r + 1)(M + 2)ωrc).
Thus
(3.30) − 1
2
[Λ, [Λ, θzk ]] = −ωr−2a+ (M + 1)ωr−1b− (M + 1)(M + 2)c = τ ∗ θzk ∗ .
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The proof is complete. 
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